A textural edge detection frequency domain filter is proposed to locate the boundary between two textural domains modulated by different spatial frequencies. This filter is derived from a zero-order prolate spheroidal function which can be approximated by a w-Gaussian shape. The extension to a 2-D rotational symmetric filter capable of locating textural edges independently of the relative orientation of the textural frequencies is demonstrated. Results show that the proposed filter is more effective at concentrating the output energy around the edge than the filter proposed by Shanmugan et al., which was derived with an additional constraint of evenness in the design of the filter function.
Introduction
Edge extraction is an important operation in a variety of image analysis and interpretation applications. Indeed, the most meaningful information is to a large extent contained in the edges and boundaries between areas of different textures in an image. Segmentation, or the extraction of these boundaries, can be done with local operators or frequency domain filters. 1 The latter have the advantage of possible implementation via a fast Fourier transform or with fast parallel optical hardware.
Many types of filter have been used to extract the tonal edges or boundaries between two different gray levels in an image. The problem of extracting boundaries between two different textures is much more difficult but practically important. Since texture can usually be characterized by a few statistical parameters, 2 local operator techniques capable of extracting such local parameters and finding boundaries have been very successful so far. 3 However, it appears that use of the frequency domain type of filter useful for this task is much more restricted. Nevertheless, an interesting filter capable of extracting the boundary between domains modulated by different spatial frequencies has recently been proposed and demonstrated in 1-D simulations. 4 This filter is an extrapolation of an optimum tonal edge extraction filter previously described by Shanmugan et al. 5 An approximate form of this filter, which is similar to the difference in two Gaussians (DOG) 6 and the Laplacian of a Gaussian 7 filter, was found to perform particularly well in extracting the blurred or noisy edges. The optimum performance of the filter was demonstrated under the constraint of even symmetry, which was necessary to extend operation of the filter to a 2-D case. This constraint, however, is not necessary when considering the extension to a 2-D textural edge detection filter with rotational symmetry in the frequency domain. Without the requirement of even symmetry, the optimum filter is an odd function which can be approximated by an w-Gaussian shape. This point is discussed in the following sections, where we reassess the optimum conditions for performance of the filter. We then compare the performances of the odd-type (-Gaussian) filter with the even-type ( 2 -Gaussian) filter in some examples of textural edge detection.
II. Optimal Filter

A. Tonal Edge Extraction
It was shown by Shanmugan et al. 5 that the optimal frequency domain filter Hh(W) for tonal edge extraction is, under the constraints of band limitation and evenness of the function,
where A'1 is the first-order prolate spheroidal wave function with the parameter relationship, C = . -I/2. This filter, with a bandwidth 2, maximizes the filter output energy within a resolution interval I around the edge. The confined energy is proportional to the eigenvalue X1, where XA satisfies the relationship P 1 {/ij = Xi4i and where the operator PI{*} describes a truncation to an interval I and a convolution with sinQx/(7rx). 8 The requirement of an even transfer function for the tonal edge filter is necessary only if this filter has to be extrapolated to be circular symmetric in two dimensions by mapping the linear spatial frequency into a radial frequency. The textural edge filter, however, is constructed by shifting the tonal edge transfer function to an offset characteristic textural frequency. Thus its transfer function can have even symmetry even if the tonal edge filter from which it is constructed is odd.
Without the constraint of evenness, the optimum edge detection filter is an odd-type filter based on the zero-order prolate spheroidal wave function having the form
where i60 is the zero-order prolate spheroidal wave function. The output energy within a resolution interval I about the edge is now proportional to X 0 . Since the eigenvalues X decrease rapidly with the index i, especially for small values of the parameter C,8 we can expect a sizeable gain in energy confinement within the interval I with the odd filter transfer function given in
For computational convenience, the closed form approximations of the prolate wave functions are used instead of the exact forms. Equations (1) and (2) become, respectively,
where He(cw) is an approximation of Eq. (1) and represents the even-type filter or the c 2 -Gaussian filter function, and
where Ho(v) is approximated from Eq. (2) representing the odd-type filter or the c-Gaussian filter function. In Eqs. (3) and (4), C 1 and C 2 are constants, and K is filter parameter given by constructed from a combination of frequency shifted tonal edge filters. Since Eq. (6) 
where Ht(co) can be either He(cv) or Ho(cv), and where * denotes a convolution operation and a a Dirac delta function. This filter is required not to pass any energy at zero frequency, corresponding to the dc input value, and at the textural frequencies cvi and Cv2. Hence the bandwidth Q of Ht(v) should be subject to the constraint of
The last term in the bracket of Eq. (8) prevents the terms in the filter from overlapping each other at middle points between cv and W2. Such a constraint can be easily satisfied by controlling the parameter K in Eqs. (3) and (4). However, the results of the next section show that, since Eq. (8) clearly affects the effective bandwidth of the filter, the best value for the parameter K will generally be found through a tradeoff between the resolution and SNR.
The output spectrum of the linear filter can be written as where F(c) is the Fourier transform of the input. The corresponding F(c) to Eq. (6) is
The parameter K is a measure of the effective bandwidth of the filter. Note that the maximum of He(cv occurs at cv = K and the maximum of Ho(cv) at cv = K/V2. Therefore, the function parameter K plays a key role in determining the characteristics of the filter.
B. Textural Edge Extraction
An idealized model of a textural edge in an image is the boundary between two domains, where each domain is modulated by a different spatial frequency. An appropriate textural edge detection filter should locate some observable marks along the textural edge in the output image plane.
The ideal 1-D textural image can be modeled with the following expression:
where U(x) is a unit step function, and each sinusoid characterizes a different texture. The textural edge detection filter for such an input image must find the edge around x = 0. The required filter H() can be (10) where j is \f-1.
To derive a simple analytical expression for the output signal, it is assumed that Ht( -ci)/(cv -cj) = 0 for i F! j, i.e., Ht(co) in Eq. (7) is bandlimited according to Eq. (8) so that the filter centered at cv overlaps negligibly with the part of the filter centered at cv2. Then the output spectrum of Eq. (9) becomes
After taking the inverse Fourier transform of Eq. (11), the output in the space domain is found to be
where Odd means the odd part, and gt(x) is the inverse Fourier transform of Ht()/c. 
Some inessential constants are omitted for simplicity in Eqs. (13) and (14).
C. Comparison of Odd and Even Filters
An analytical way of comparing the textural edge detection filters can be based on evaluating the ratio a of the confined output energy in an interval Ax around the edge to the total output energy:
In the case that c, 2 >> K so that the integrals of sin 2 (-) and cos 2 (-) average to 1/2 under the slowly varying
Gaussian envelope, Eq. (15) becomes
if g(x) = ge(x), and
if g(x) = go(x). In these expressions, N = K -Ax/2J2 is a measure of the number of resolution elements in the interval Ax, and
fo is the error function. A plot of the energy confinement ratio a(N) is shown in Fig. 1 . Note that the c-Gaussian filter clearly yields a much better energy confine- Fig. 2 Fig. 3(a) . The resulting output normalized to yield a peak response of unity is shown in Fig. 3(b) . For comparison, a c-Gaussian filter, shown in Fig. 4(a) , was designed with the same filter parameter K = r/18. The resulting output is shown in Fig. 4(b) , where the magnitude of the output is normalized to the maximum value of the output of the c 2 -Gaussian filter of Fig. 3(b) . As expected from Eq. (13), the envelope of the w 2 -Gaussian filter output is a Gaussian multiplied by x resulting in two peaks modulated by the difference of the two cosine functions. In contrast, theGaussian filter produces an output with only one peak described by a Gaussian envelope modulated by the difference of the two sine functions. In comparing the two filter outputs, it is apparent that the output energy of the cv-Gaussian filter is more concentrated near the center of the edge. This results in a higher peak within a narrower interval and thus a higher resolution of the extracted edge. The c-Gaussian filter appears to have relatively higher background ripples on one side. This is due to the input spectrum leakage through the regions of the filter near cv and c2, where the slope of the filter function is very high. In simulation with FFT, this phenomenon could be suppressed to some extent by increasing the number of samples. The resolution of the filter can be enhanced by increasing the parameter K. This results in a larger bandwidth for the filter function but a sharper image of the detected edge. However, a larger bandwidth in the filter usually involves truncation of parts of the filters. Such truncations at the midfrequency between w and c2 as well as at c = 0 and 7r are necessary to avoid overlapping between the adjacent tonal filters deployed in a textural edge detection filter. Therefore, the gain of resolution is then achieved at the expense of a higher artifact noise due to discontinuities in the filter function, a loss of the filter's optimum performance due to truncation of some part of the optimum function, and a reduction of the SNR due to the wider bandwidth. Generally, a trade-off needs to be made between these various factors depending on which factor should be emphasized. This important aspect of the filter's performance is not being considered in this analysis.
With a filter parameter K = 1 -21/2 = 7r/6, the two parts of the c-Gaussian filter connect smoothly at their maxima as shown in Fig. 5(a) . The higher-resolution output is shown in Fig. 5(b) . A similar gain of resolution can be achieved with the c-Gaussian filter. However, because of its odd symmetry, a severe discontinuity will occur at c = c1 -c21/2. To avoid this, the sign of one part of the filter can be inverted. [For example, the sign of the second term centered at c2 in Eq. (7) is changed from plus to minus.] The transfer function with K = r/3j2, constructed in the way described to insure a smooth connection of the curve at the maximum at cv = 7r/6, is shown in Fig. 6(a) . Figure   6 (b) is the output with enhanced resolution.
Two-Dimensional Rotational-Symmetric Filter
The textural edge extraction filter of Eq. (7) can be extended to two dimensions by converting c to a radial spatial frequency leading to a rotational-symmetric filter. The resulting filter is rotationally invariant and can extract boundaries between 2-D textural image areas modulated by different spatial frequencies, inde- 
where p = (cv + c)1/2. The basic idea in implementing the rotational-symmetric filter is as follows. If the orientation of the textural frequency in an image is changing while keeping the same textural characteristics (i.e., the same characteristic spatial frequencies), the spectrum of the textural image in the 2-D frequency domain moves on a circle of constant radius. Therefore, a rotational-symmetric filter must be invariant to the relative orientation of the textural frequencies. An example of a textural image used in the following experiments is shown in Fig. 7 , with the two different textural frequencies of 7r/2 and 7r/6, orientated 450 to each other. The 1-D filter based on the zero-order prolate spheroidal wave function is an optimum filter leading to a maximum output energy density in an interval around the localized edge. Preliminary results show that the 2-D rotational-symmetric filter based on this 1-D optimum transfer function performs well. It is further expected that it will be particularly useful in detection of the blurred or noisy edges. Most of the statements and discussions mentioned for the 1-D case, regarding the filter performance filter design procedures, still hold for the 2-D analysis.
An example of a 2-D c 2 -Gaussian filter with K = r/ 18 is presented in Fig. 8(a) . This filter is designed to detect the edges between the two textures in the image shown in Fig. 7 
IV. Conclusions
We have shown that the filter which maximizes the output energy near the boundary between two image areas modulated by two different spatial frequencies is proportional to a bandlimited zero-order prolate sphe- roidal wave function centered at both frequencies.
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The energy confinement at the boundary produced by this filter is better than that obtained with the filter function proposed by Shanmugan et al., which is optimum under the additional constraint of evenness. Both filters can be extended to 2-D rotational-symmetric filters by appropriately bandlimiting their transfer functions and changing the linear spatial frequency into a radial spatial frequency. Further analysis is clearly needed to determine the 28.
usefulness of such filters for texture segmentation.
Since textures which can be characterized by a unique spatial frequency may not be very common in nature, the deterioration of the filters performances when applied to less deterministic types of texture needs to be (b) studied. Nevertheless, one of the most significant advantages of global frequency domain filters is that they can be easily implemented in a variety of optical systems in-
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cluding coherent parallel filtering setups 9 and incoherent parallel or scanning systems using two-pupil interaction schemes. The partial financial support of the National Sci- (C) ence Foundation (grant ESC 8400635 for J. Park and contour representation of the filter response.
